
VARIATIONAL FORMULATION OF THE 

HYDRODYNAMICS OF A CONCENTRATED 

GAS--SOLID SYSTEM AT HIGH 

ARCHIMEDES NUMBERS 

A .  I .  T a m a r i n  a n d  Y u .  S .  T e p l i t s k i i  UDC 532.546 

The local Glandsdorff--Prigogine potential is formulated for an isothermal fluidized bed. It 
is shown that this variational formulation makes it possible to describe the hydrodynamics 
of a fluidized bed on the basis of a numerical solution of the problem of minimizing the re- 
sulting local potential for the case of a two-dimensional bed. 

Two-phase concentrated (Ar >- 102) systems of fluidized beds of the gas--solid type are widely used 
in various industrial processes. The gas which filters through the bed of particles moves in a nonuniform 
manner; gas bubbles devoid of particles break through the bed. The result is a sharp degradation of the 
interfacial exchange in the system, and the efficiency of the corresponding equipment is reduced. This 
circumstance is responsible for the interest in the phase motion in such systems. 

A rigorous description of a two-phase homogeneous system can obviously be obtained by statistical 
methods, but the models which have been constructed at this point are not useful for obtaining practical in- 
formation. Phenomenological approaches are thus of interest. In such an approach the system is treated 
as  c o n s i s t i n g  of two m u t u a l l y  p e n e t r a t i n g  cont inua ,  for  which  m a s s ,  m o m e n t u m ,  and e n e r g y  c o n s e r v a t i o n  
l aws  a r e  w r i t t e n  [1, 2]. The  s y s t e m  of c o n s e r v a t i o n  equa t ions  is  n o n l i n e a r  and,  a s  was  shown in [2], un-  
s t a b l e  a g a i n s t  s m a l l  p e r t u r b a t i o n s .  Th is  c i r c u m s t a n c e  p o s e s  i n s u r m o u n t a b l e  d i f f i c u l t i e s  fo r  a n u m e r i c a l  
so lu t ion ;  s o m e  a d d i t i o n a l  h y p o t h e s i s  is r e q u i r e d .  

One such  h y p o t h e s i s  is  the  concep t  of a loca l  p o t e n t i a l ,  which  has  been  used  s u c c e s s f u l l y  to s o l v e  
s e v e r a l  p r o b l e m s  of p r a c t i c a l  i m p o r t a n c e  [3, 4]. Th is  a p p r o a c h  r e d u c e s  to s e e k i n g  a m i n i m u m  of a func-  
t i ona l  r e f l e c t i n g  the  s t a b i l i t y  of the  f luc tua t ions  in the  d y n a m i c  v a r i a b l e s  which o c c u r  in the  s y s t e m .  

Be low we a t t e m p t  to app ly  th is  a p p r o a c h  to the  h y d r o d y n a m i c s  of a c o n c e n t r a t e d  t w o - p h a s e  s y s t e m  
(a f l u id i zed  bed) in which the p h a s e  c o n c e n t r a t i o n s  v a r y  s i g n i f i c a n t l y  in s p a c e  and t i m e .  

We c o n s i d e r  an i s o t h e r m a l  f l u id i zed  bed c o n s i s t i n g  of s o l i d  p a r t i c l e s  of u n i f o r m  d i a m e t e r ,  f o r  which 
we have  A r  > 10 2. A gas  is  f i l t e r i n g  u p w a r d  t h rough  the  bed .  The  p a r t i c l e  c o n c e n t r a t i o n  in the  s y s t e m  
l i e s  in the  r a n g e  0.3 < e < 0.7. We deno te  the  v e l o c i t i e s  of the  gas  and the  so l id  p a r t i c l e s  by vi and wi,  r e -  
s p e c t i v e l y .  Each  p a r t i c l e  e x p e r i e n c e s  the  g r a v i t a t i o n a l  f o r c e  and a f r i c t i o n  f o r c e  wi th  the  g a s .  T h e r e  is 
no difficulty in determining the first of these forces; the friction force can be found from Newton's friction 
law 

Ov i Ov1~ 
- - - - :  ) ~' (i) . . . .  / ' 7 , "  

w h e r e  nk a r e  the  d i r e c t i o n  c o s i n e s  of the  n o r m a l  to s o m e  a r e a  wi th  an a r b i t r a r y  o r i e n t a t i o n  in the  bed .  
The  f r i c t i o n  s u r f a c e  a r e a  (the c o m m o n  p a r t  of the  s p a c e  of the  gas  and so l id  p a r t i c l e s )  is  p r o p o r t i o n a l  to 
e(1 - -  ~); i . e . ,  we have  f ~ e ( 1 - -  e). In the  l i n e a r  a p p r o x i m a t i o n ,  us ing  3 v i / 3 x  k --~ 0 fo r  e -~ 0, in the  l im i t ,  
we have  nk(3Vi /0x  k) ~ E(v i -  wi), so  tha t  the  f r i c t i o n  f o r c e s  b e c o m e s  
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F~ = kk ~ (1 - -  ~) (v~ - -  a,~), (2) 

whe re  the coeff ic ient  k is d e t e r m i n e d  f r o m  the condit ion that  the sol id  p a r t i c l e s  a r e  suspended  by the gas 
at  the beginning of the f luidizat ion.  

In the s y s t e m  under  cons ide ra t ion  h e r e  we have (Pf/Os) ~ 10-3, so  we can neglec t  changes  in the 
k ine t ic  and potent ia l  ene rgy  of the gas in the g rav i t a t iona l  field in c o m p a r i s i o n  with the analogous  changes  
for  the p a r t i c l e s .  

We fu r the r  a s s u m e  that  in the uns teady  s ta te  the gas  and the sol id  pa r t i c l e s  have d i f fe ren t  p r e s s u r e s ,  
pf and Ps, r e s p e c t i v e l y ,  which b e c o m e  equal in the s table  (equil ibr ium) s ta te  (p~ = p~ s = p0). 

Let  us fo rmu la t e  a local  potent ia l  for  this s y s t e m :  

. i f [  o(1 _ko  ) Op, Oe ~ Op~ Ok ~ 
L = l - -  v~ Ox~ - -  p j  ~ F -  - -  ~,o ko _ _  ! p ~ _ _  

V t 

0 o o Owi 1 o o Ow~ 
- -  p,k wi w] ~ q- ~ -  p.~e w] ~ -- p,~gk~ -F (3) 

Op o Ow ~ 
-i v~ --&~- -: ,,,~k~ Ot 

-k ke ~ (1 - -  co) (v o o - -  wO (v~ - -  ~ )  dVdt. 

The quant i t ies  with s u b s c r i p t  "0" r e f e r  to the s t eady  s ta te ,  while quant i t ies  without s u b s c r i p t s  r e f e r  to 
the uns teady  s ta te .  Here  we a r e  a s s u m i n g  that  the devia t ions  f r o m  the s t eady  (stable) s ta te  a r e  v e r y  sma l l .  
In the s teady  s ta te  the in tegra l  L is min ima l  and can be identif ied with the r a t e  at which en t ropy  is p r o -  
duced  n e a r  the s tab le  s ta te .  

To show that  funct ional  (3) ac tua l ly  d e s c r i b e s  the h y d r o d y n a m i c s  of a f luidized bed we evaluate  the 
va r i a t ion  6L of this funct ional ,  a s s u m i n g  that  quant i t ies  with s u b s c r i p t  "0" a r e  not va r i ed  [3]: 

6L = - -  - - k  ~ O& Ot 6pf--w~e~ aX~ + v~ (1 0 ; f  

V / 
08 ~ 1 ~ }  

-} Ot 6 G - -  p,k~ ~ w~ 6 Owl Ox~ ~ ~ ~)sk~ - ' -  (4) 

-]-Ggk~ -: OP ~ Ow ~ ~, _,~ 
3x~ 6vl -i- Os~ ~ - - 0 7 -  ~w~ , 

02 ) 
-!-ks (1 ko) o - - w i )  dVdt. 

Afte r  s o m e  s t r a i g h t f o r w a r d  manipu la t ions  involving the use  of the Gauss  t h e o r e m  and the a s sumpt ion  that  
t he se  funct ions a r e  given at the boundar ies  of reg ion  V, we find 

ifi{ 6L ~- 0k 0 
. , .  Ot l O& iv i ( 1 -  e)] 6plq- 
V t  

{ 0E 0 } , ,  0~d i O~l~, 
-4- O--t-- q-- Ox~ (=is) 6p~-.,- lp~e T -i- p ~ : w , - - -  -~- 

Oxj (5) 

-k p.,sg--kk~ --.-k)(Vi- Wi)} 6~'i-~-, { O(p~)~j)O):j -F 

-!-ke~(l-.-k)(vi--w!)}6v~] dVdt. 

.After the va r ia t ion ,  we equated the quant i t ies  with and without the subsc r ip t  "0." 

Accord ing ly ,  we find that  the condit ion 

6L = 0 (6) 

impl ies  

& 0 

at a& 
ivy(i--e)]  = 0 ,  
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a 8  a 
(w~8) = O, 

at  Ox~ 

t}~ Ow~ ~ O~8~z,~ - O--m-L - ' , - t ~ ' g  - -  f~8' ( i  - -  8)  (v~ - -  w~)  = 0 ,  ( 7 )  
at ax~ 

0 
- -  (pS~j) -';- ks ~" (1 - -  ~) (v~ - -  w~) -- 0. 

Ox~ 

The  L a g r a n g e - - E u l e r  equa t ions  in (7), which  d e s c r i b e  the  e x t r e m u m  of func t iona l  (3), a r e  the  c o n s e r v a t i o n  
equa t ions  for  the  m a s s e s  and m o m e n t a  of the  p h a s e s  in th i s  t w o - p h a s e  s y s t e m .  

A c c o r d i n g l y ,  th i s  v a r i a t i o n a l  p r o b l e m  fo r  s e e k i n g  the  m i n i m u m  of func t iona l  (3) is  a me thod  for  d e -  
s c r i b i n g  the  h y d r o d y n a m i c s  of a t w o - p h a s e  flow which  can be used  i n s t e a d  of the  s y s t e m  of m a s s  and m o -  
m e n t u m  c b n s e r v a t i o n  equa t ions  fo r  the  p h a s e s  in (7). 

The  v a r i a t i o n a l  f o r m u l a t i o n  is known [5] to have  i m p o r t a n t  a d v a n t a g e s  in a n u m e r i c a l  so lu t ion ,  e s -  
p e c i a l l y  if  the  p r o b l e m  is n o n l i n e a r ,  is  m u l t i d i m e n s i o n a l ,  and has  a l a r g e  n u m b e r  of unknown func t ions .  
F u r t h e r m o r e ,  th is  f o r m u l a t i o n  m a k e s  i t  p o s s i b l e  to ob ta in  m o r e  i n f o r m a t i o n  about  the  s y s t e m  than  can be  
ob t a ined  with  Eqs .  (7). F o r  e x a m p l e ,  fo r  the  c a s e  of a f l u id i zed  bed  we can ob ta in  f r o m  the  v a r i a t i o n a l  
p r i n c i p l e  an add i t i ona l  equa t ion  fo r  d e t e r m i n i n g  the  bed he igh t  H, which  does  not  r e m a i n  c o n s t a n t  a s  the  
gas  f i l t e r s  t h rough  the  bed .  

F i r s t  le t  us put  the  p r o b l e m  in a s l i g h t l y  m o r e  c o n c r e t e  f o r m .  We c o n s i d e r  a f l u id i zed  bed  of p a r -  
t i c l e s  (the v e l o c i t y  c o r r e s p o n d i n g  to the  beg inn ing  of f l u i d i z a t i o n  is  v 0) in a c y l i n d r i c a l  co lumn of r a d i u s  
R; the  bed he igh t  is H. Gas f i l t e r s  t h r o u g h  the  bed at  a v e l o c i t y  Nv0, w h e r e  N is the  f l u i d i z a t i o n  n u m b e r .  
We t r e a t  the  t h r e e - d i m e n s i o n a l  p r o b l e m ,  in which  a l l  p r o p e r t i e s  of the  bed  depend  on the  c o o r d i n a t e s  z 
and r and the t i m e  t .  We w r i t e  the  func t iona l  in (3) in the  d i m e n s i o n l e s s  f o r m  

1 1 i 

L '  .. . . . . . .  E v ~ '  (1  - -  8"1 - - - -  E T v ~ '  (1  - -  ~:") ap} 
�9 " 0 f  t 

0 0 0  

- .  E N p ;  a~o _ E~,o, o aps , @ ;  .,_ 
~ U -  az ~ - -  ETw~ Or' 

- - E N p :  0~~ - -  e~ I i 

Oz' 

1 , oo, ] o' o" 0 ~  - !  ~,o" , 
-~ w~ w~ Oz ' - . t  2 -  ~ Oz' ' ~ Oz' -Y- (8) 

I , [ o, o, a~" . o . . , ~ a ~ : l  
- i  - 7 7 -  e'~ - 1'~~ ~w~ ~z,~ Or' ~w~ ) - O T - J  + 

d'[w ~ O (~)~ : o, O(w:) 2 1 '- NS~ ( Ow~ 
2 _ Or' ~ "  a-~7 ~ - - _  ' ~ at' w" + 

aw ~ , ~ ap ~ 
Ot, - ~ ) - - E v ;  - ETv;  ap~ - - 9 7  - 0 7  - i 

9 

_]_/fi so-(1 _ e o ) ( v o "  w o,)(v;  - -  w;)i '  r 'dr 'dz' dr'. 

H e r e  we have  i n t r o d u c e d  the d i m e n s i o n l e s s  v a r i a b l e s  

r r ' ;  t l ' ;  z , ~,~ , ~r , f l  __ P'- 
R To H v o v o Po 

An approximate solutLon of this problem has been found by the Ritz method [5]. The coordinate 
functions were chosen to be 

q~r~,~,(z,, r, t , ) s i n } ( 2 ~  I, .... 2~z ' )_  s i n n  ( 2 ~ r ' ~  k b / '  

~k.~(z, r ,  t ' ) :=cosk  2.~t' 2~z' sinn 

(#, n =:  I . . . .  I}~ . . . .  ). 
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In the  f i r s t  a p p r o x i m a t i o n  we have  

~ '  ~"  9 ' �9 a l  q -  a g s l t ]  ( _ ~ I I  - -  - -  

a ~ 
3, 

g ' v �9 ( 
�9 - I -  a2 s in  2~t' - -  - -  

\ 

4, 

, {4sill2(2 ,,--- 
D r 

O, 

a2 sm (2~t' ~ ; =  a~ ~ r-r w . . _ _ _  

Ct w 3, 
t 

w) = a~'sin2 ( 2 n t ' - - ~  

O, 
/ 

[ (1 --aq)z' ~- af @ a~cos ( 2 n t ' - -  - -  
p' [ % 

(1 --af)z' + 4, 
where 

2~IZ' )Sill 2Yfr '  - - S  , ~  

b <: r ' .~ l. 
2r~z' ) 2~r' 

sin 0 < r' < b, 
12, - b - ~ '  

b < r ' < l ,  

2~z' '~ sin* 2ar '  0 < r '  < b, 
a ] b ' 

b < r ' < l ,  

2~z' \ . 2~r'  
-a ) s m ~ - '  O < r ' ~ b ,  

b < r '  < l, 

2~Z'a/sin* 2rcr'b ' O ~ r ' < b ,  

b ~ r '  ~ l, 

2~z' ) sin 2~r' -V-' o < / < b ,  

b < r '  < l, 

b b ~ x <  3b sinx, O < x < ~ - ;  -~  -~-, 

sin*(x) = b b 3b 
--sinx, ~ -  < x  < - ~ ;  ~ - < x < b .  

In th is  a p p r o a c h  we a s s u m e  the fol lowing p i c t u r e  for  the  mo t ion  [6]: gas  bubbles  b r e a k  th rough  and sol id  
m a t e r i a l  m o v e s  upward  a t  the  c e n t e r  of the  bed, whi le  at  the wal l s  the  m a t e r i a l  is  descend ing  and t h e r e  
a r e  no gas  bubbles .  

A f t e r  the  t r i a l  funct ions  a r e  subs t i tu t ed  into (8) and the i n t eg ra t i on  is c a r r i e d  out, the funct ional  be -  
c o m e s  an a l g e b r a i c  funct ion of a!  and a.~ 

1 1 

L' = L'(a!, oi a ~ ,  H . . . .  ) ; (9)  

i ts  e x t r e m u m  is g o v e r n e d  by the  s y s t e m  of Ri tz  equat ions  ( 0 L ' / S a J  i) = 0. A p r e l i m i n a r y  a n a l y s i s  o f  this  

s y s t e m  shows tha t  (a) the  a v e r a g e  p a r t i c l e  c o n c e n t r a t i o n s  in the upward  and downward  p a r t s  of the flow a r e  
equal  ( a [  = a 3 ), in a c c o r d a n c e  with the  a v a i l a b l e  e x p e r i m e n t a l  data  [7]; (b) in the f iu idized bed the m a s s e s  
of the so l id  p a r t i c l e s  a r e  c o n s e r v e d ,  

l I l 

o 0 o  

and then  we have  the  f a m i l i a r  r e l a t i o n  be tween  the  p r e s s u r e  d rop  in the bed and the  weight  of the  m a t e r i a l ,  

9~gH 
1 - -  at~ = - -  at'.. 

Po 

,?,e 

@ 

o f I 
v - -  2 

a 3 

5 f0 /5 N 

Fig.  1. P a r t i c l e  c o n c e n t r a t i o n  in the  bed and a m p l i t u d e  
of the  concen t r a t i on  f luc tua t ions  as  funct ions  of the  f lu-  
id iza t ion  n u m b e r .  1) a~,  2) a [ ;  3) ew [9]. 
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TABLE i. Material  Concentration and Relative Amplitude of the 
Fluctuations in This Concentration as Functions of the Fluidization 

Number 

Material coneentration 

4 
4 

!~cm/see 

Fluidization number 

0,43 
0,38 

1,t4 
1,23 

0,40 
0,37 

1,35 

1,32 

~o I ao ] 4o 

0,38 -- 
0,29 I 0,31 

1,37 -- 
1,83 1,64 

0,37 

} 
1,43 

50 60 

0,40 0,39 
-- 0,29 

1,00 1,03 
- -  1,90 

and (c) there  is a l inear relat ionship between the amplitudes of the p re s su re  and par t ic le -concent ra t ion  
fluctuations in the sys tem,  

p~gH 
aPo a s 

~ " - -  - -  2 -  

Po 

These resul ts  show that this model ref lects  the experimental  fact that the hydraul ic  drag (pressure  drop) 
of a boling bed is independent of the gas fi l trat ion velocity.  

The coefficients a{ a re  determined by numerical ly  minimizing the function (9) by the method of 
s teepest  descent  [8]. The solution was car r ied  out on an MIR-1 computer .  

The calculations were  car r ied  out for two mater ia l s ,  differing in the velocity at which fluidization 
begins (v 0 = 2 and 5 era/see) ,  for gas fi l trat ion velocit ies f rom 2v 0 to 60v 0. 

AII the coefficients a~ turned out to he real ,  implying an osci l la tory  nature of the changes in all the 

functions over  space and time. Self-oscil lat ions of the phase velocity, p ressure ,  and density appear in this 
two-phase  sys tem,  although the energy is supplied to this sys tem by a s teady-s ta te  flow of a uniformly 
filtering gas. 

The first approximation found from this solution gives a very crude description. It is interesting to 

compare it with experiment and thus to test the proposed formulation and solution of the problem of the 
hydrodynamics of a two-phase flow. 

Figure 1 shows the calculated average material concentration in the bed and data on the amplitude of 

the concentration fluctuations. These curves were plotted for a single material (v 0 = 2 cm/sec); the ex- 

perimental points shown are the average particle concentrations in the core of a bed of silica gel fluidized 

by air (v 0 = 2 cm/sec), obtained on the basis of measurements of the bed expansion [9]. 

The experimental and calculated curves are equidistant. Interestingly, the material concentration 

in the boiling bed changes only slightly as the velocity at which the gas filters through the bed is increased 

significantly. For example, when the fluidization number is increased from 2 to 20 the fluidized bed ex- 
pands by no more than 20%, according to both experiment and calculation. 

It is also interesting to note that the amplitude of the concentration fluctuations is slightly above its 

average value; this circumstance can be seen particularly clearly in Table i, which shows the relative 
amplitude of the concentration fluctuations for two materials. The quantity a[/a[ is always larger than 

one. Accordingly, in a fluidized system there are regions devoid of particles in which the concentration 

is extremely low. These regions are gas bubbles moving upward through the bed of disperse material. 

According to the calculated data, these regions move at a velocity (Vb = Nv0a) which increases  l inearly 
with increasing fi l trat ion veiocity. The conclusions obtained f rom the mathemat ical  model agree  well with 
available experimental  data on the motion of a gas in an inhomogeneous fluidized bed and on the velocities 
of the gas bubbles moving through such beds. 

Accordingly,  this variat ional  formulation reveals  the average  motion of the phases in a two-phase 
concentrated sys tem of the boiling-bed type. 
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Ar = (gd3,/v2)(p s -- pf/pf) 
a = vb/NV 0 
b 
d 
E = p0/PsV20 
Fr = v~/gH 
g 
H 
k 
k I = Hk/0sVo 
nk 
N 

Pf, Ps 
T ~ 

Pf = Pf/P0, Ps = Ps/P0 
P0 
R 
t 
t' = t /T  o 
T o = H/Nv 0 
V 

vi, wi 
T T 

v i = vi/v0, wi = wi/v 0 
v0 

v 

Pf, Os 
7 = H/R. 

NOTATION 

is the Archimedes number; 

is the dimensionless velocity at which a gas bubble rises; 
is the relative radius of the ascending part of the motion of the boiling bed; 

is the particle diameter; 

~s the Euler number; 

is the Froude number; 

is the acceleration due to gravity; 

is the bed height; 

is the friction coefficient; 

is the dimensionless friction coefficient; 

is the direction cosines; 

is the fluidization number; 

are the gas and particle pressures, respectively; 

are the corresponding dimensionless pressures; 

is the atmospheric pressure; 

is the column radius; 

is the time; 

is the dimensionless time; 

is the t ime- in tegra t ion  inverval;  
is the bed volume; 
a re  the gas and par t ic le  velocit ies;  
a re  the corresponding dimensionless  velocit ies;  
is the velocity corresponding to the beginning of fluidization; 
is the par t ic le  concentration; 
is the kinematic viscosi ty;  
a re  the gas and par t ic le  densit ies;  

I~ 

2. 
3. 
4. 

5. 

6. 

7. 

S~ 

9. 
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